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Abstract
Let X be a smooth projective variety defined over a perfect field k of positive characteristic, and let FX
be the absolute Frobenius morphism of X. For any vector bundle E −→ X, and any polynomial g with
non-negative integer coefficients, define the vector bundle g˜(E) using the powers of FX and the direct sum
operation. We construct a neutral Tannakian category using the vector bundles with the property that there
are two distinct polynomials f and g with non-negative integer coefficients such that f˜ (E) = g˜(E). We
also investigate the group scheme defined by this neutral Tannakian category.
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1. Introduction
The étale fundamental group of a scheme has been introduced and its properties studied by
Grothendieck (see [14]). The étale fundamental group of X with base point x, which is denoted
by π1(X,x), is an inverse limit of finite groups. M. Nori introduced the fundamental group
scheme π(X,x) of a pointed reduced and connected scheme (X,x) which he constructed using
what he called essentially finite vector bundles. Recall that a vector bundle over X is called finite
if there are two distinct polynomials f,g ∈ Z[t] with non-negative coefficients such that the
vector bundle f (E) is isomorphic to g(E) (see [15, p. 35, Lemma 3.1], [16]). A vector bundle
E over X is called essentially finite if it is isomorphic to a subquotient of some finite vector
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scheme π(X,x) is the affine group scheme over k associated to the neutral Tannakian category
defined by the essentially finite vector bundles over X; the fiber functor sends an essentially
finite vector bundle to its fiber over x. The fundamental group scheme coincides with the étale
fundamental group when the characteristic of k is zero. In general, π1(X,x) is a quotient of
π(X,x).
Let k be a perfect field. Let FX : X −→ X be the absolute Frobenius morphism of a smooth
projective variety X/k. For any polynomial g(t) =∑mi=0 nit i with ni ∈ N ∪ {0}, define
g˜(E) :=
m⊕
i=1
((
F iX
)∗
E
)⊕ni ,
where F 0X is the identity map of X. The vector bundle E is called Frobenius-finite if there are two
distinct polynomials f and g of the above type such that f˜ (E) is isomorphic to g˜(E). A vector
bundle V over X is called Nori-semistable if the pull-back of E by any map from any smooth
projective curve is semistable of degree zero.
Consider the tensor category generated by the Frobenius-finite vector bundles. It is a subcate-
gory of the category of Nori-semistable vector bundles. Taking all subquotients, in the category
of Nori-semistable vector bundles, of objects of this tensor category we obtain a category which
we denote by CF (X). After fixing a k-rational point x0 of X we get a fiber functor on CF (X),
and this fiber functor and CF (X) together define a neutral Tannakian category. The affine group
scheme over k given by this neutral Tannakian category is denoted by GF (X,x) (see Section 2).
In Section 3 we study the properties of GF (X,x), and compare it with the S-fundamental group
scheme. Over finite field, the group scheme GF (X,x) allows us to recover Nori’s fundamental
group scheme and étale fundamental group (see Section 4).
2. Construction of the group scheme
Let k be a perfect field of characteristic p > 0. Let X be a smooth projective variety defined
over k. Let FX : X −→ X denote the absolute Frobenius morphism. For any integer m 1, let
FmX :=
m-times︷ ︸︸ ︷
FX ◦ · · · ◦ FX : X −→ X
be the m-fold iteration of the self-map FX . By F 0X we will mean the identity morphism of X.
For any polynomial f with non-negative integer coefficients and for any vector bundle E
over X, we define f˜ (E) as follows:
f˜ (E) :=
m⊕
i=1
((
F iX
)∗
E
)⊕ni , (2.1)
where f (t) =∑mi=0 nit i with ni ∈ N ∪ {0}, ∀i ∈ {1,2, . . . ,m}.
Let FF(X) denote the set of all vector bundles E on X for which there exist two distinct poly-
nomials f and g with non-negative integer coefficients such that f˜ (E) is isomorphic to g˜(E).
The vector bundles in FF(X) will be called the Frobenius-finite.
A vector bundle E over a smooth projective curve X is said to be strongly semistable if for all
r  0 the Frobenius pull-back (F rX)∗E is semistable.
The proof of the following proposition is motivated by the proof of [15, p. 36, Proposition 3.4].
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X is strongly semistable of degree zero.
Proof. Let I (E) denote the set of all indecomposable components of{(
FnX
)∗
E
}
n0.
Since E is Frobenius-finite, it follows that I (E) is a finite set. Note that for any vector bundle
V −→ X, we have
degree
((
FnX
)∗
V
)= pn · degree(V ), (2.2)
where p is the characteristic of k. Therefore, the fact that I (E) is a finite set implies that
degree(E) = 0.
Let F be any subbundle of (F rX)∗E. Then (F
n
X)
∗F is subbundle of (F n+rX )∗E. Since I (E) is
a finite set, from Eq. (2.2) it follows that degree(F ) 0. Hence (F rX)∗E is semistable. 
Definition 2.2. (See [15, p. 37].) Let X be a smooth projective variety over k. A vector bundle E
over X is said to be Nori-semistable if for every non-constant morphism f : C −→ X with C a
smooth projective curve, the pull-back f ∗E −→ C is semistable of degree zero.
Let h : X −→ Y be any morphism. Then the pull-back of any Frobenius-finite vector bundle
E over Y is also a Frobenius-finite vector bundle over X. Therefore, Proposition 2.1 has the
following corollary.
Corollary 2.3. Any Frobenius-finite vector bundle over X is Nori-semistable.
It has been proved in [15, p. 37, Lemma 3.6] that the category SS(X) of all Nori-semistable
vector bundles over X is abelian.
Let TFF(X) denote the collection of all tensor products of Frobenius-finite vector bundles
over X. Consider the full subcategory, denoted by CF (X), of the category SS(X) whose objects
are:
Obj(CF (X))= {E ∈ SS(X) ∣∣∣∣ ∃Fi ∈ TFF(X), 1 i m and
E1 ⊂ E2 ⊂
n⊕
i=1
Fi with E1,E2 ∈ SS(X) such that E ∼= E2/E1
}
.
We define the operation ⊗̂ on subcategory CF (X) to be the usual tensor product of vector
bundles; then CF (X) is clearly closed under the tensor product operation.
Let Vect(k) denote the category of finite dimensional vector spaces over a field k. Fix a k-
rational point x ∈ X. Let
Tx : CF (X) −→ Vect(k) (2.3)
be the fiber functor that sends a vector bundle E in CF (X) to its fiber Ex over x.
The category CF (X) is an abelian category: For, let f : E −→ F be a morphism in CF (X).
Since CF (X) is a full subcategory of an abelian category SS(X), both Kerf and Cokerf lie in
SS(X). By the construction of CF (X), both Kerf and Cokerf are in CF (X). Hence, CF (X) is
an abelian k-category.
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an affine group scheme over k [7, Theorem 2.11], [15].
Definition 2.4. The F -fundamental group scheme of X with the base point x is the group scheme
associated to the neutral Tannakian category(
CF (X), ⊗̂, Tx,OX
)
.
This group scheme will be denoted by GF (X,x).
Let Rep(GF (X,x)) be the category of finite dimensional k-representations of GF (X,x). Let
Vect(X) denote the category of vector bundles over X.
Lemma 2.5. There exists a tautological principal GF (X,x)-bundle over X.
Proof. By the construction of GF (X,x), there is an equivalence of categories
CF (X) −→ Rep
(GF (X,x)) (2.4)
such that Tx becomes a forgetful functor for Rep(GF (X,x)) (see [7, Theorem 2.11], [15]). The
resulting functor
T : Rep(GF (X,x)) (CF (X),Tx) ↪→ Vect(X) (2.5)
satisfies the conditions of [15, Proposition 2.9], and hence it defines a principal GF (X,x)-bundle
X˜ over X. For any V ∈ Rep(GF (X,x)), the vector bundle X˜ ×GF (X,x) V −→ X associated to
the principal GF (X,x)-bundle X˜ −→ X for the GF (X,x)-module V coincides with the vector
bundle corresponding to V by the functor in Eq. (2.4). 
Let ϕ : X −→ Y be a morphism of smooth projective varieties defined over k and E an object
of CF (Y ). Then ϕ∗E is an object of CF (X). Consequently, ϕ induces a homomorphism of Tan-
nakian categories from (CF (Y ), Tf (x)) to (CF (X),Tx). By [15, Theorem 1.3], this determines
a unique homomorphism of affine group schemes GF (X,x) −→ GF (Y,f (x)); this homomor-
phism will be denoted by ϕ̂.
3. Some properties of F -fundamental group scheme
For an affine group scheme G over the field k, the category of finite dimensional representa-
tions of G over k will be denoted by Rep(G).
Proposition 3.1. (See [7, Proposition 2.21].) Let h : G −→ G′ be a homomorphism of affine
group schemes and ωh : Rep(G′) −→ Rep(G) the corresponding functor.
(1) The homomorphism h is faithfully flat if and only if ωh is fully faithful and every subobject
of ωh(X′), X′ ∈ Rep(G′), is isomorphic to the image of a subobject of X′.
(2) The homomorphism h is closed immersion if and only if every object of Rep(G) is isomor-
phic to a subquotient of ωh(X′) for some X′ ∈ Rep(G′).
Now onwards in this section we assume that our base field k is an algebraically closed field
unless otherwise mentioned.
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a field k with ϕ∗OX = OY . Then ϕ̂ : GF (X,x) −→ GF (Y,ϕ(x)) is faithfully flat surjection.
Proof. In view of Proposition 3.1(1), it suffices to show the following:
(1) the functor ωϕ : CF (Y ) −→ CF (X) is fully faithful, and
(2) any Nori-semistable subbundle F of ϕ∗E, where E ∈ CF (Y ), is isomorphic to ϕ∗F ′, for
some Nori-semistable subbundle F ′ ⊂ E.
Since ϕ is flat morphism, by [8, 6.7.6.1], there is a canonical isomorphism
H omY (E,F ) −→ ϕ∗H omX
(
ϕ∗E,ϕ∗F
)
. (3.1)
By taking global section, we get a bijection
HomY (E,F ) −→ HomX
(
ϕ∗E,ϕ∗F
)
. (3.2)
This shows that ωϕ is fully faithful functor.
Let E be an object of CF (Y ), and let F be a Nori-semistable subbundle of ϕ∗E. Define E′ :=
ϕ∗E/F , and denote the ranks of E, F and E′ by r , r1 and r2 respectively. Let Xy := ϕ−1(y)
be the fiber over a point y ∈ Y . Then the restriction F|Xy is degree zero subbundle of the trivial
vector bundle (ϕ∗E)|Xy ∼= OrXy . Hence F|Xy is trivial. Similarly, E′|Xy is trivial. Since F is flat
over Y and dimH 0(Xy,F|Xy ) = r1 for all y ∈ Y , by [9, III, Corollary 12.9], we have ϕ∗F is
locally free of rank r1. Similarly, ϕ∗E′ is locally free of rank r2.
The quotient map ϕ∗E −→ E′ evidently factors through ϕ∗ϕ∗E′ −→ E′. Consequently,
ϕ∗ϕ∗E′ −→ E′ is surjective homomorphism of vector bundles of the rank r2; hence it is an iso-
morphism. Therefore ϕ∗ϕ∗F −→ F is also an isomorphism. Take F ′ = ϕ∗F . Since ϕ∗F ′ ∼= F
is Nori-semistable, we conclude that F ′ is Nori-semistable. Therefore, we get a Nori-semistable
subbundle F ′ of E such that ϕ∗F ′ is isomorphic to F . 
Lemma 3.3. Let ψ : Y −→ X be a morphism of smooth projective varieties over k such that the
following diagram
Y
FY
ψ
Y
ψ
X
FX
X
(3.3)
is Cartesian, where FX and FY are the absolute Frobenius morphisms of X and Y respectively.
Let E be a vector bundle over Y . Then for any n 1, there is a canonical isomorphism(
FnX
)∗(
Riψ∗E
)−→ Riψ∗((FnY )∗E)
for each i  0.
Proof. Since the diagram in Eq. (3.3) is Cartesian, and FX is flat, we have the following: For
any vector bundle E −→ Y , the base change homomorphism
F ∗
(
Rif∗(E)
)−→ Rif∗(F ∗E) (3.4)X Y
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lemma using induction on n. For n = 1, this is the isomorphism in Eq. (3.4). Assume that we
have an isomorphism(
Fn−1X
)∗(
Riψ∗(E)
)−→ Riψ∗((Fn−1Y )∗E). (3.5)
Taking inverse image by FX , the isomorphism in Eq. (3.5) gives an isomorphism(
FnX
)∗(
Riψ∗(E)
)−→ F ∗XRiψ∗((Fn−1Y )∗E). (3.6)
Substituting E by (F n−1Y )∗E in Eq. (3.4), we get an isomorphism
F ∗X
(
Riψ∗
((
Fn−1Y
)∗
E
))−→ Riψ∗(F ∗Y ((Fn−1Y )∗E))−→ Riψ∗((FnX)∗E). (3.7)
By composing the isomorphisms in Eq. (3.6) and Eq. (3.7), we get an isomorphism(
FnX
)∗(
Riψ∗E
)−→ Riψ∗((FnY )∗E). (3.8)
This completes the proof of the lemma. 
3.1. Base change
Let k′ be an algebraically closed extension of an algebraically closed field k of characteristic
p > 0. Let X be a smooth projective k-variety, and let Xk′ denote the base change X ×k Speck′.
We have the following commutative diagram
Xk′
FX
k′
p1
Xk′
p1
X
FX
X
where FXk′ and FX are the Frobenius morphisms on Xk′ and X respectively. Therefore,
F ∗XE ⊗k k′ = F ∗Xk′
(
E ⊗k k′
)
.
From this it follows that if E is an object of CF (X), then E ⊗k k′ is an object of CF (Xk′). Let
Ck′ be the Tannakian subcategory of
C ′ = (CF (Xk′),⊗, Tx′ ,OXk′ )
whose objects are all vector bundles
E′ ∈ CF (Xk′)
for which there exists E ∈ CF (X) such that E′ ⊂ E ⊗ k′. Define G := GF (Xk, x), and let
Rep(Gk′) denote the category of all finite dimensional k′-representations of Gk′ = G×k Speck′.
Now following the argument as in the proof of [12, Proposition 3.1], we conclude that the
canonical homomorphism
GF
(
Xk′ , x
′)−→ GF (X,x) ×k k′ (3.9)
is faithfully flat.
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in CF (Xk′) is actually defined over k. For, let E ∈ CF (Xk′). Since h is closed immersion, by
Proposition 3.1(2), there exists a vector bundle E1 in CF (X) such that E1 ∼= E3/E2, where E2
and E3 are Nori-semistable subbundles of E1 ⊗ k′ with E2 ⊂ E3 ⊂ E1 ⊗ k′. If E is stable then
it is a component of gr(E1 ⊗ k′) (the associated graded object for the Jordan–Hölder filtration
of E1 ⊗ k′). Since gr(E1 ⊗ k′) = gr(E1) ⊗ k′, it follows that E is a bundle of the form E′ ⊗ k′,
where E′ is stable vector bundle over X.
But there are stable vector bundles in CF (Xk′) which are not defined over k; see [17] for
examples. Therefore, the homomorphism in Eq. (3.9) is not an isomorphism in general.
Remark 3.4. A vector bundle E over X is called F -trivial if (F iX)∗E is trivial for some i. Note
that the category of all F -trivial vector bundles form a Tannakian category; the corresponding
affine group scheme is called local fundamental group scheme which is denoted by π loc(X,x)
(see [13]). By applying the criterion of Proposition 3.1, it can be easily seen that there is a
canonical flat surjective homomorphism
α : GF (X,x) −→ π loc(X,x).
3.2. Relation with the S-fundamental group scheme
For a smooth projective curve defined over k, the S-fundamental group scheme was intro-
duced in [3]. In [10], this was generalized to the smooth projective varieties defined over an
algebraically closed field.
Let X/k be a smooth projective variety of dimension n. Fix a very ample hypersurface H
on X.
For a torsion-free coherent sheaf E −→ X, the number
μ(E) := c1(E) · H
n−1
rankE
∈ Q
is called the slope of E. A vector bundle E is called H -semistable (respectively, H -stable) if for
all subsheaves F of E with rank(F ) < rank(E), we have μ(F)  μ(E) (respectively, μ(F) <
μ(E)).
Let VectS0 (X) denote the full subcategory of the category of coherent sheaves on X
whose objects are all strongly H -semistable reflexive sheaves with c1(E) · Hn−1 = 0 and
c2(E) · Hn−2 = 0. This VectS0 (X) does not depend on the choice of H . Fix a k-rational point x.
With the usual fiber functor Tx : VectS0 (X) −→ Vect(k), the quadruple (VectS0 (X),⊗, Tx,OX)
forms a neutral Tannakian category. The corresponding affine group scheme is called the S-
fundamental group scheme of X, and it is denoted by πS1 (X,x).
A vector bundle E over X is called numerically effective if and only if the tautological line
bundle OP(E)(1) is numerically effective. A vector bundle E is called numerically flat if both E
and E∗ are numerically effective.
If E is a vector bundle over a smooth projective curve Y , we denote by δ(E) the minimum of
the degrees of quotient line bundles of E. For a line bundle L, define δ(L) = degree(L).
A vector bundle E is numerically effective if and only if for any finite morphism f : C −→ X
from a smooth projective curve C, we have δ(f ∗E) 0 (see [1, p. 437]).
Lemma 3.5. There exists a natural faithfully flat homomorphism
πS1 (X,x) −→ GF (X,x).
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from a smooth projective curve C, the pull-back f ∗E is semistable. Consequently,
μmin(f ∗E) = 0. Note that δ(V )  μmin(V ) for any vector bundle V over a smooth projec-
tive curve C. Consequently, δ(f ∗E) 0, and hence E is numerically effective. Since E∗ is also
an object of CF (X), it follows that E is numerically flat. By [10, Proposition 5.1], we have a
natural functor CF (X) −→ VectS0 (X) which is fully faithful and obviously satisfies the condition
in Proposition 3.1(1). 
3.3. Product formula
Let X and Y be two smooth projective varieties over the field k. Fix k-rational points x0 and
y0 of X and Y respectively.
For any closed point y ∈ Y , we have a canonical morphism
iy : X −→ X ×k Y
defined by
X −→ X ×k {y} −→ X ×k Y.
Similarly, for any closed point x ∈ X, we define
jx : Y −→ X ×k Y.
Let p1 : X ×k Y −→ X and p2 : X ×k Y −→ Y be the natural projections. The morphism iy0 :
X −→ X ×k Y induces a homomorphism
GF (X,x0) −→ GF (X ×k Y, x0 × y0)
of affine group schemes. Since p1 ◦ iy0 = IdX , and p2 ◦ iy0 is a constant map, it follows that the
morphism
ψ : GF (X ×k Y, x0 × y0) −→ GF (X,x0) × GF (Y, y0)
is surjective.
The product formula for the S-fundamental group scheme is proved in [5] using the equivalent
definition of the S-fundamental group scheme. Let X be a smooth projective variety defined
over k. A coherent sheaf E on X is called bounded if there is a scheme T of finite type over k
and a coherent sheaf E −→ X × T flat over T such that there are closed points {ti}i1 of T with
the property that the restriction E|X×{ti } is isomorphic to the pull-back (F iX)∗E. If a coherent
sheaf E over X is bounded, then it is locally free [5, Proposition 2.2].
We need the following lemma.
Lemma 3.6. (See [5, Lemma 3.3].) Let X and Y be smooth projective varieties over k and
p1 : X × Y −→ X
be the natural projection. Let E be a bounded sheaf on X × Y . Then for each i  0, the direct
image Ri(p1)∗E −→ X is a bounded sheaf.
Using Lemma 3.6, we conclude that for any E ∈ CF (X ×k Y ), the direct images Ri(p1)∗E
and Ri(p2)∗E are vector bundles over X and Y respectively.
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direct images Ri(p1)∗E −→ X and Ri(p2)∗E −→ Y are also Frobenius-finite vector bundles.
Proof. Consider the following commutative diagram
X ×k Y FX×kY
p1
X ×k Y
p1
X
FX
X
(3.10)
and the Cartesian diagram
(X ×k Y ) ×X X π1
π2
X ×k Y
p1
X
FX
X
By the properties of a fiber product, we have
(X ×k Y ) ×X X  (Y ×k X) ×X X  X ×k Y.
From this, it follows that the commutative diagram in Eq. (3.10) is Cartesian. Since FX is flat,
by [9, III, Proposition 9.3], there is a canonical isomorphism
F ∗X
(
Ri(p1)∗E
)−→ Ri(p1)∗(F ∗X×kYE) (3.11)
for each i  0. Similarly, we have a canonical isomorphism
F ∗Y
(
Ri(p2)∗E
)−→ Ri(p2)∗(F ∗X×kYE)
for each i  0. By Lemma 3.3, for any integer n 1, there are canonical isomorphisms(
FnX
)∗(
Ri(p1)∗E
)−→ Ri(p1)∗((FnX×kY )∗E) (3.12)
and (
FnY
)∗(
Ri(p2)∗E
)−→ Ri(p2)∗((FnX×kY )∗E) (3.13)
for each i  0.
Suppose that E is a Frobenius-finite vector bundle over X ×k Y . Therefore, there exist two
distinct polynomials f,g ∈ Z[t] with non-negative coefficients such that f˜ (E) is isomorphic to
g˜(E). Let ϕ : f˜ (E) −→ g˜(E) be an isomorphism. Then
Ri(p1)∗(ϕ) : Ri(p1)∗
(
f˜ (E)
)−→ Ri(p1)∗(g˜(E))
is an isomorphism for each i  0. Using the isomorphism in Eq. (3.12), we conclude that the iso-
morphism Ri(p1)∗(ϕ) induces an isomorphism between f˜ (Ri(p1)∗E) and g˜(Ri(p1)∗E), since
Ri(p1)∗ is additive functor. This completes the proof of the lemma. 
Theorem 3.8. The canonical homomorphism
ψ : GF (X ×k Y, x0 × y0) −→ GF (X,x0) × GF (Y, y0)
is an isomorphism.
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show that any vector bundle E ∈ CF (X ×k Y ) is isomorphic to a quotient of p∗1E1 ⊗ p∗2E2, for
some E1 ∈ CF (X) and E2 ∈ CF (Y ). Let
E1 := (p1)∗
(
E ⊗ (p∗2j∗x0E)∨) and E2 := j∗x0E,
where (p∗2j∗x0E)
∨ is the dual of (p∗2j∗x0E).
Since E ⊗ (p∗2j∗x0E)∨ is an object of CF (X × Y), there are Nori-semistable vector bundles
V1 and V2 with
V1 ⊂ V2 ⊂
m⊕
i=1
Fi,
where Fi ∈ TFF(X) such that
E ⊗ (p∗2j∗x0E)∨ is isomorphic to V2/V1.
Using Lemma 3.7 it follows that (p1)∗V1 and (p1)∗V2 are subbundles of Nori-semistable vector
bundles. Since (p1)∗V1 and (p1)∗V2 are degree zero subbundles of a Nori-semistable vector
bundle, it follows that (p1)∗V1 and (p1)∗V2 are themselves Nori-semistable. This implies that
E1 is an object of CF (X).
There is a natural morphism
p∗1
(
p1∗
(
E ⊗ (p∗2j∗E)∨))−→ E ⊗ (p∗2j∗E)∨
that gives the following homomorphism:
η : (p1)∗(p1)∗
(
E ⊗ (p∗2j∗x0E)∨)⊗ p∗2j∗x0E −→ E. (3.14)
Let (x, y) be a closed point of X × Y . There is natural surjective homomorphism
α : (p1)∗(p1)∗
(
E ⊗ (p∗2j∗x0E)∨)(x,y) −→ H 0(Y, j∗x E ⊗ (j∗x0E)∨).
By [5, Lemma 3.5], the vector bundles j∗x E and j∗x0E over Y are isomorphic and hence the
natural homomorphism
β : H 0(Y, j∗x E ⊗ (j∗x0E)∨)⊗ ((p2)∗j∗x0E)(x,y) −→ E(x,y)
is surjective. The homomorphism in Eq. (3.14) induces a homomorphism
η(x,y) : (p1)∗(p1)∗
(
E ⊗ (p∗2j∗x0E)∨)(x,y) ⊗ ((p2)∗j∗x0E)(x,y) −→ E(x,y). (3.15)
Since β ◦ (α⊗1) = η(x,y), it follows that η(x,y) is surjective. This proves that the homomorphism
η in Eq. (3.14) is surjective. 
3.4. Behavior under étale morphism
Let ψ : Y −→ X be a surjective étale morphism of smooth projective varieties over k. Then
the following diagram
Y
FY
ψ
Y
ψ
X X
FX
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FnX
)∗(
Riψ∗E
)−→ Riψ∗((FnY )∗E) (3.16)
for each i  0.
Lemma 3.9. Let ψ : Y −→ X be a surjective étale morphism of smooth projective varieties
over k. Let E be a Frobenius-finite vector bundle over Y . Suppose that for each i  0, the direct
image Riψ∗E is locally free. Then Riψ∗E is a Frobenius-finite vector bundle over X for each
i  0.
Proof. This follows using the isomorphism in Eq. (3.16) and the argument in Lemma 3.7. 
Lemma 3.10. Let ψ : Y −→ X be a surjective étale morphism of smooth projective varieties
over k. Let E be a vector bundle over X. Then E is an object of CF (X) if and only if ψ∗E is an
object of CF (Y ).
Proof. If E is an object of CF (X), then ψ∗E is clearly an object of CF (Y ). Suppose that ψ∗E
is an object of CF (Y ). For any vector bundle V belonging to CF (Y ), the direct image ψ∗V is
a bounded sheaf, and hence it is locally free. Using Lemma 3.9, it is easy to see that ψ∗ψ∗E ∈
CF (X). Since E is a Nori-semistable subbundle of ψ∗ψ∗E, it follows that E is an object of
CF (X). 
Lemma 3.11. Let ψ : Y −→ X be a surjective finite étale morphism and E an object of CF (Y ).
Then ψ∗E is an object of CF (X).
Proof. Without loss of generality we may assume that the morphism ψ is Galois covering. For,
there always exists a morphism h : Z −→ Y such that
ϕ := ψ ◦ h : Z −→ X
is finite étale Galois cover. Since E is an object of CF (Y ), the pull-back h∗E is an object of
CF (Z). As ϕ is Galois, it follows that the vector bundle
ϕ∗h∗E ∼= ψ∗
(
h∗h∗E
)
is an object of CF (X). Note that the direct image ψ∗E is a degree zero subbundle of ψ∗(h∗h∗E).
Therefore, the vector bundle ψ∗E is an object of CF (X).
Now consider the following diagram
Y × Gal(Y/X)
p1
μ

Y ×X Y
p
p Y
ψ
Y
ψ
X
where μ is the action of Gal(Y/X) on Y . Since ψ is flat, we have
ψ∗ψ∗E ∼= p∗p∗E ∼= (p1)∗μ∗E.
Note that (p1)∗μ∗E =⊕g∈Gal(Y/X) g∗E. This implies that ψ∗ψ∗E is an object of CF (Y ). By
Lemma 3.10, it follows that ψ∗E is an object of CF (X). 
472 S. Amrutiya, I. Biswas / Bull. Sci. math. 134 (2010) 461–474Proposition 3.12. Let ψ : Y −→ X be a surjective finite étale morphism of smooth projective
varieties over k. Then the induced homomorphism
GF (Y, y) −→ GF
(
X,ψ(y)
)
is closed immersion.
Proof. By Proposition 3.1(2), we need to check that if E is an object of CF (Y ), then E is
isomorphic to a subquotient of an object of the form ψ∗E′ with E′ an object of CF (X). Consider
the following Cartesian diagram
Y ×X Y p
p
Y
ψ
Y
ψ
X
where p denotes the natural projection. Since ψ is flat, we have ψ∗(ψ∗E) ∼= p∗(p∗E). Take E′ =
ψ∗E. Then, from Lemma 3.11 it follows that E′ is an object of CF (X). Since E is a subbundle
of p∗(p∗E), it follows that E is subbundle of ψ∗E′, where E′ is an object of CF (X). 
Corollary 3.13. Let ψ : Y −→ X be a surjective finite étale morphism of smooth projective
varieties over k. If ψ∗OY = OX , then the induced homomorphism
GF (Y, y) −→ GF
(
X,ψ(y)
)
is an isomorphism.
Proof. By Proposition 3.2, the induced homomorphism
GF (Y, y) −→ GF
(
X,ψ(y)
)
is faithfully flat. From Proposition 3.12, the homomorphism GF (Y, y) −→ GF (X,ψ(y)) is a
closed immersion. 
4. The case of finite field
Let k be any field. For a k-scheme X, the étale fundamental group of X with base point x
is denoted by π1(X,x). Let us recall the Tannakian description of the étale fundamental group
π1(X,x). Consider the Tannakian category defined by all vector bundles E over X with the
following property: there is a finite étale Galois cover Y of X such that the pull-back of E to Y
is trivializable. The fiber functor for this Tannakian category sends E to its fiber Ex over x. We
denote this category by Cet (X).
A vector bundle E over X is called étale trivializable if there is a finite étale Galois covering
α : Y −→ X
such that the pull-back α∗E is trivializable.
Henceforth, we assume that our base field k is a finite field. The following theorem is due to
Lange and Stuhler (see [11]):
S. Amrutiya, I. Biswas / Bull. Sci. math. 134 (2010) 461–474 473Theorem 4.1. (See [11, Theorem 1.4].) Let E be a vector bundle over a smooth projective variety
X defined over a finite field k. Then the following conditions are equivalent:
(1) (F nX)∗E is isomorphic to E for some n > 0.
(2) E is étale trivializable.
The implication (1) ⇒ (2) also holds for smooth projective varieties defined over an arbitrary
field of positive characteristic. If E is stable vector bundle on a smooth projective variety defined
over an algebraically closed field, then the implication (2) ⇒ (1) is proved in [2, Theorem 1.1].
Let X be a smooth projective variety defined over k. We will assume that X admits a k-rational
point. Fix a k-rational point x0 of X.
Corollary 4.2. There is a natural faithfully flat homomorphism
GF (X,x0) −→ π1(X,x0).
Proof. By Theorem 4.1, we get a natural functor
β : Cet (X) −→ CF (X)
which is evidently fully faithful. The functor β gives a homomorphism β˜ : G(X,x0) −→
π1(X,x0). In view of Proposition 3.1(1), to prove that β˜ is faithfully flat, it suffices to show
that if F is a subbundle of an étale trivializable vector bundle E, then F is also étale trivializable.
Since E is étale trivializable, there is a finite étale Galois covering
α : Y −→ X
such that the pull-back α∗E is trivializable. Note that α∗F is a degree zero subbundle of α∗E.
Since any subbundle of degree zero of trivializable vector bundle is trivializable, we conclude
that F is étale trivializable. 
In general, the above homomorphism need not be an isomorphism. To see this, we consider
the following example (cf. [6]). Recall that an elliptic curve X over a field of characteristic p > 0
is called super-singular if the induced homomorphism
F ∗X : H 1(X,OX) −→ H 1(X,OX)
vanishes. Let X be a super-singular elliptic curve defined over a finite field k. Note that such a
curve exists over a finite field. Fix a non-zero element ξ ∈ H 1(X,OX). Let
0 −→ OX −→ E −→ OX −→ 0
be the extension given by ξ .
The cohomology class F ∗Xξ = 0 as X is super-singular. Hence, the short exact sequence
0 −→ OX −→ F ∗XE −→ OX −→ 0
splits. Therefore, F ∗XE = OX ⊕ OX . This implies that E is an object of CF (X).
Suppose that E is étale trivializable. Then by Theorem 4.1, there exists a positive integer n
such that (F nX)
∗E is isomorphic to E. Since the cohomology class (F nX)∗ξ = 0, the short exact
sequence
0 −→ (FnX)∗OX = OX −→ F ∗XE ∼= E −→ OX = (FnX)∗OX −→ 0
splits, which is not possible. Hence, E is not étale trivializable.
474 S. Amrutiya, I. Biswas / Bull. Sci. math. 134 (2010) 461–474Corollary 4.3. There is a natural faithfully flat homomorphism
GF (X,x0) −→ π(X,x0)
where π(X,x0) is the Nori’s fundamental group scheme of X with the base point x0.
Proof. Let E be an essentially finite vector bundle over X. Then there is a connected étale Galois
covering β : Y −→ X such that the vector bundle β∗E −→ Y is F -trivial (see [4, p. 557]).
Therefore, there exists a non-negative integer m such that (FmY )
∗(β∗E) is isomorphic to a trivial
vector bundle over Y . Since FX ◦ β = β ◦ FY , the vector bundle β∗((FmX )∗E) is isomorphic to
a trivial vector bundle over Y . This implies that (FmX )∗E is étale trivializable. By Theorem 4.1,
there is an integer n  1 such that (F n+mX )∗E is isomorphic to (FmX )∗E. This proves that any
essentially finite vector bundle E over X is in CF (X). In particular, we have natural faithfully
flat homomorphism
GF (X,x0) −→ π(X,x0) −→ π1(X,x0)
where π(X,x0) is the fundamental group scheme of X with the base point x0. 
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